The static and dynamic electric multipolar polarizabilities and second hyperpolarizabilities of the H + 2 , D + 2 , and HD + molecular ions in the ground and first excited states are calculated nonrelativistically using explicitly correlated Hylleraas basis sets. The calculations are fully nonadiabatic; the Born-Oppenheimer approximation is not used. Comparisons are made with published theoretical and experimental results, where available. In our approach, no derivatives of energy functions nor derivatives of response functions are needed. In particular, we make contact with earlier calculations in the Born-Oppenheimer calculation where polarizabilities were decomposed into electronic, vibrational, and rotational contributions and where hyperpolarizabilities were determined from derivatives of energy functions. We find that the static hyperpolarizability for the ground state of HD + is seven orders of magnitude larger than the corresponding dipole polarizability. For the dipole polarizability of HD + in the first excited-state the high precision of the present method facilitates treatment of a near cancellation between two terms. For applications to laser spectroscopy of trapped ions we find tune-out and magic wavelengths for the HD + ion in a laser field. In addition, we also calculate the first few leading terms for long-range interactions of a hydrogen molecular ion and a ground-state H, He, or Li atom.
tically using explicitly correlated Hylleraas basis sets. The calculations are fully nonadiabatic; the Born-Oppenheimer approximation is not used. Comparisons are made with published theoretical and experimental results, where available. In our approach, no derivatives of energy functions nor derivatives of response functions are needed. In particular, we make contact with earlier calculations in the Born-Oppenheimer calculation where polarizabilities were decomposed into electronic, vibrational, and rotational contributions and where hyperpolarizabilities were determined from derivatives of energy functions. We find that the static hyperpolarizability for the ground state of HD + is seven orders of magnitude larger than the corresponding dipole polarizability. For the dipole polarizability of HD + in the first excited-state the high precision of the present method facilitates treatment of a near cancellation between two terms. For applications to laser spectroscopy of trapped ions we find tune-out and magic wavelengths for the HD + ion in a laser field. In addition, we also calculate the first few leading terms for long-range interactions of a hydrogen molecular ion and a ground-state H, He, or Li atom. [1] [2] [3] [4] that a theory based on the explicitly correlated Hylleraas basis set expansion yielded high accuracy nonadiabatic properties of three-body systems. In this paper, we extend the formalism contiguously to multipolar dynamic electric polarizabilities and dynamic second hyperpolarizabilities of the hydrogen molecular ion and its deuterium containing isotopologues in the ground and first excited states. While the formalism presented here is purely nonrelativisitic, the nonadiabatic theory on which it is based is well-tested beyond order α 2 Ry as progress in calculations of energies of HD + , for example, are now at the level where the uncertainties in transition frequencies are of the order of 70 kHz, with unknown effects contributing at order α 5 Ry [5] , while refinement of nonadiabatic calculations on simple molecules continues using different approaches [6] [7] [8] [9] . A comparison of nonrelativistic results for energies is given in Sec. III.
The present calculations, we believe, are of great value for several potential applications.
While our approach intrinsically includes rotational and vibrational degrees of freedom it dispenses with the Born-Oppenheimer approximation. Use of the Born-Oppenheimer approximation facilitates the breakdown of polarizabilities and hyperpolarizabilities into "electronic", "vibrational", and "rotational" components and the theoretical underpinnings of this picture are well-established, but there are different formulations and subtleties in executing such calculations [10] [11] [12] [13] [14] [15] [16] . We show how our results provide insight into these descriptions, allowing direct comparisons with earlier Born-Oppenheimer results, and in Sec. III we use these insights, for example, to resolve a discrepancy found by Olivares Pilón and
Baye [17] in comparing nonadiabatic and Born-Oppenheimer calculations of the dynamic electric quadrupole polarizability. Our method avoids the cumbersome Born-Oppenheimer separation, our tabulated nonadiabatic data can be valuable for estimations or extrapolations of "electronic", "vibrational", and "rotational" contributions, when combined with available Born-Oppenheimer calculations [15, 18] . In addition, our nonadiabatic approach does not require derivatives of an energy function [11, 19] nor derivatives of response functions [20] , which can introduce additional numerical loss of precision, but it does provide definitive convergence-based error bars thereby allowing us to gauge the accuracy of previous results for hyperpolarizabilities calculated using gradients of fields.
There is much recent interest in trapping molecular ions for precision measurements (of time [21] and of mass [22] , for example) and for realizing quantum computing [23] -in these cases the responses of ions to applied fields are important considerations [24] In this work, the 2006 CODATA masses [29] of the proton and the deuteron are adopted [? ] , where
and m e is the electron mass, and atomic units are used throughout unless specifically mentioned. The polarizabilities and hyperpolarizabilities are presented in atomic units [15] ; conversion factors to SI units are given in, for example, the reviews by Bishop [13] and by Shelton and Rice [15] . In this nonrelativistic study we neglect finite temperature effects [15, 31] , hyperfine structure [21, 32] , and we do not consider the first hyperpolarizability (which is only non zero for HD + ).
II. THEORY AND METHOD

A. Hamiltonian and Hylleraas basis
In the present work, we treat the hydrogen molecular ion as a three-body Coulombic system; the calculations are fully nonadiabatic (the Born-Oppenheimer approximation is not used). Taking one of the nuclei as particle 0, the electron is chosen as particle 1 and the other nucleus is seen as particle 2. In the center of mass frame, the Hamiltonian can be written as
where µ i = m i m 0 /(m i + m 0 ) is the reduced mass between particle i and particle 0, q i is the charge of the ith particle, r i is the position vector between particle i and particle 0, and r ij = |r i − r j | is the inter-particle separation.
The wave functions are constructed in terms of the explicitly correlated Hylleraas coordinates as
where r (r 1 ,r 2 ) is a vector-coupled product of spherical harmonics,
and the nonlinear parameters α and β are optimized using Newton's method. All terms in Eq.(4) are included such that
where Ω is an integer, and the convergence for the energy eigenvalue is studied as Ω is increased progressively. The computational details used in evaluating the necessary matrix elements of the Hamiltonian are given in Ref. [33] .
B. Polarizability and Hyperpolarizability
When the hydrogen molecular ion is exposed to a weak external electric field E, the second-order Stark shift for the rovibronic state is
where L is the angular momentum with magnetic quantum number M, g 2 (L, M) is the only
and ω is the frequency of the external electric field in the z-direction. The dynamic scalar and tensor dipole polarizabilities, respectively, are α 1 (ω) and α (T ) 1 (ω); when ω = 0, they are called, respectively, the static scalar and tensor dipole polarizabilities. The derivation of the expressions for the dynamic polarizabilities α 1 (ω) and α (T ) 1 (ω) are similar to those described in Ref. [34] . In particular, for the case of rovibronic ground-state with L = 0,
with α 1 (L a , ω) following the general expression of 2 ℓ -pole partial dynamic polarizabilities,
where n 0 and n, respectively, label the initial state and the intermediate state and ∆E n0 = E n − E n 0 is the difference between the initial and intermediate state energies. The detailed formula for the 2 ℓ -pole transition operator T ℓ in the center of mass frame is given in Ref. [35] .
For the rovibronic excited-state with L = 1, α 1 (ω) and α
1 (ω) can be written
where α 1 (P, ω) denotes the contribution of nucleus 2 and electron 1 both being in p configuration to form a total angular momentum of P . The expressions for other multipole dynamic polarizabilities are derived similarly to those for the dipole polarizabilities [34] [35] [36] .
The fourth-order Stark shift for the rovibronic state can be written in the form,
where g 4 (L, M) is only dependent on the angular momentum quantum number L and magnetic quantum number M,
and ω i are the frequencies of the external electric field in the three directions with ω σ = ω 1 + ω 2 + ω 3 . The dynamic scalar second hyperpolarizability is γ 0 (−ω σ ; ω 1 , ω 2 , ω 3 ), and the dynamic tensor second hyperpolarizabilities are γ 2 (−ω σ ; ω 1 , ω 2 , ω 3 ) and γ 4 (−ω σ ; ω 1 , ω 2 , ω 3 ).
(From this point on, we will omit "second" when referring to the hyperpolarizabilities.)
When all ω i = 0, the functions are called static hyperpolarizabilities. In particular, for the rovibronic excited-state with L = 0 only the dynamic scalar hyperpolarizability remains and it is
where
the P implies a summation over the 24 terms generated by permuting the pairs (−ω σ /T
1 ), and (ω 3 /T µ 4 1 ), where the superscripts µ i are introduced for the purpose of labeling the permutations [37] . Other results in Table I are converged to at least 10 significant digits. For states (υ ≥ 1, L) the energies are less accurate than the corresponding (0, L) states since our calculations in this paper are for applications to "sum over states" determinations of polarizabilities.
Thus, the energies in Table I for a given system and value of (υ, L) correspond to optimized nonlinear variational parameters for the corresponding υ = 0 state. In contrast, calculations by Korobov [38] It is interesting to examine in more detail the quadrupole polarizibility and second hyperpolarizability calculations with previous Born-Oppenheimer treatments, where the quan-tities are separated into "electronic", "vibrational", and "rotational" contributions [48] . As exhibited in Table III , the relative magnitude of α 2 (0) is much larger than those of α 1 (0) and α 3 (0), which is related to the available low-lying virtual state in the energy denominator (a similar argument pertains to α 4 (0)). In the Born-Oppenheimer approach, the virtual excitation corresponds to no change in the electronic or vibrational quantum number, but a change in the rotational quantum number by 2. Bishop and Lam [48] , (see their (25)) using matrix elements from their nonadiabatic calculation. They found that the nonadiabatic result was greater by an additive factor of 4.793, compared to the summation and attributed this to "the contribution of the continuum." In the language of Bishop and
Lam [48] , the summation corresponds to including most of the "vibrational" and "rotational" The magnitude of the static hyperpolarizability can also be understood along similar lines in Born-Oppenheimer picture. Earlier work using finite field methods by Bishop and Solunac [25] and by Adamowicz and Bartlett [12] Dynamic hyperpolarizabilities pertain to the four nonlinear optical processes (cf.
Refs. [15, 37, 49] ): Thus, the quantity γ 0 (−ω; ω, 0, 0) is the dc Kerr effect, γ 0 (−ω; ω, ω, −ω)
represents degenerate four-wave mixing (DFWM), γ 0 (−2ω; 0, ω, ω) is electric-field-induced second-harmonic generation (ESHG) and γ 0 (−3ω; ω, ω, ω) is third-harmonic generation (THG).
In the Born-Oppenheimer approach, the rotational contributions to the dynamic hyperpolarizabilities for the dc Kerr and DFWM processes at optical wavelengths are expected to be comparable to γ(0) while the rotational contributions to the ESHG and THG processes are expected to be much reduced in comparison to γ(0) [15] . For H Table I , on the quantities tabulated is apparent. [32] , which are accurate to 8 significant digits. 
E. Static Stark shift
The static Stark shift ∆E for the rovibronic ground-state (0, 0) of a hydrogen molecular ion in an electric field of strength E is
and the relative ratio between the second term and the first term is written as
This ratio determines the extent to which the Stark shift is influenced by the hyperpolarizability at high field strengths. Using the values of Table III , at E = 6.67 × 10 −5 a.u.
∼ (334 kV/cm), we find X = 1.3 × 10 −6 for H 
where α second-order Stark shift will be larger for HD + than for either the H For the first excited-state (0, 1) of HD + , the dynamic dipole polarizability is
where M is the magnetic quantum number. In Table IX we list some of low-lying (in highly-excited Rydberg states of the hydrogen and deuterium molecules [26] [27] [28] [57] [58] [59] . Its application yielded the experimental values for the static polarizabilities [28] given in Table III. Our nonadiabatic results for α 2 (0) and higher multipoles do not appear to be readily applicable to this particular model, which utilizes a separation of higher order polarizabilities into electronic, vibrational, and rotational contributions. For example, fits of the measured spectra utilize the electronic and vibrational components of α 2 (0); the rotational component is treated as a higher order perturbation [27, 57] and handled separately.
We used the dynamic multipole polarizabilities to calculate the long-range dispersion coefficients C 6 , C 8 , and C 10 for the interaction between a ground state H, He, or Li atom and a ground state H Table XI . The detailed expressions for the coefficients were given in Refs. [35] and [36] . For the atoms we used methods described previously. For H, the energies and matrix elements are obtained using the Sturmian basis set to diagonalize the hydrogen Hamiltonian [60] , while for He and Li, the wave functions are expanded as a linear combination of Hylleraas functions [35, 60] .
When the atom is in the ground state but the molecular ion (denoted by "b") is in an excited L b state with magnetic quantum number M b , the leading terms of the second-order interaction energy are
The detailed expressions for C are given in Refs. [35] and [36] . state (L b = 1) interacting with the ground-state H, He, and Li atoms. As above, the atomic properties were taken from Ref. [60] . Note that the precision of the calculated C for the excited-state HD + interacting with H and He atoms is less than that for the H + 2 and D + 2 ions. In the case of interactions with Li, the accuracy of the coefficients is limited by the accuracy of the Li calculations.
IV. CONCLUSION
We calculated the static and dynamic multipole polarizabilities and hyerpolarizabilities for the ground and first excited states of H + 2 , D + 2 , and HD + in the non-relativistic limit by using correlated Hylleraas basis sets without using the Born-Oppenheimer approximation.
For the static dipole polarizability of H + 2 , the present value is the most accurate to date.
The hyperpolarizabilities were calculated without derivatives (not using finite field methods) for H + 2 and its isotopomers. The present high precision values can not only be taken as a benchmark for testing other theoretical methods, but may also lay a foundation for investigating the relativistic and QED effects on polarizabilites and hyperpolarizabilities and assist in planning experimental research on hydrogen molecular ions. , and HD + ions for υ ≤ 3 and L ≤ 3. For each value of (υ, L) in the first column, the first row gives the present result resulting from a single diagonalization of the lowest υ state for a given L. Where a value of (υ, L) has a second row (H + 2 and HD + ) the entry on the second row lists the result of Korobov [38] , for which each value is the result of a separate minimization (see text for further discussion). The number in parentheses represents the computational uncertainty in the last digit. 124,140,185,131 a Ref. [17] b Ref. [45] 
